HYERS-ULAM-RASSIAS STABILITY OF GENERALIZED 
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MOHAMMAD SAL MOSLEHIAN 

Abstract. The generalized Hyers-Ulam-Rassias stability of generalized derivations on uni- 
tal Banach algebras into Banach bimodules is established. 



1. Introduction 

One of interesting questions in the theory of functional equations is the problem of the 
stability of functional equations as follows: "When is it true that a mapping satisfying a 
functional equation approximately must be close to an exact solution of the given functional 
equation?" 

The first stability problem was raised by S. M. Ulam during his talk at University of 
Wisconsin in 1940 pfHl: 

Given a group Gi, a metric group (G2, d) and a positive number e, does there exist a 6 > such 
that if a mapping / : Gi — > G2 satisfies the inequality d{f{xy), f{x)f{y)) < 6 for all x, y € Gi then 
there exists a homomorphism T : Gi — > G2 such that d{f{x),T(x)) < £ for all x € Gi. 

Ulam's problem was partially solved by D. H. Hyers in 1941 in the context of Banach 
spaces with S = e as the following 0: 

Suppose that Ei,E2 are Banach spaces and / : i?i — > i?2 is a mapping for which there exists 

e > such that \\f{x + y) — f{x) — f{y)\\ < £ for all x,y £ Ei. Then there is a unique additive 

f{2'^x) 

mapping T : Ei ^ E2 defined by Tx = lim such that — < e for all x G Ei. 

n—i-oo 2" 

Now assume that Ei and E2 are real normed spaces with E2 complete, f : Ei —* E2 is a 
mapping such that for each fixed x G i?i the mapping t ^-^ f{tx) is continuous on M, and let 
there exist e > and p 7^ 1 such that 

ii/(x+y)-/(x)-/(y)ii<e(iixr + ibin 

for aU x,y E El. 
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It was shown by Th. M. Rassias for p G [0, 1) (and indeed p < 1) and Z. Gajda 
in following the same approach as in J3] for p > 1 that there exists a unique linear map 
T : El —>■ E2 such that 

ii/(^)-n^)ii<^^ii^r 

for all X & El. This phenomenon is called Hyers-Ulam-Rassias stability. It is shown that 

there is no analogue of Th. M. Rassias result for p = 1 (see [H EI). 

In 1992, a generalization of the Rassias theorem was obtained by Gavruta as follows 0: 
Suppose (G, +) is an abelian group, ii^ is a Banach space and the so-called admissible control 

function ip : G x G ^ [0, 00) satisfies 

^ 00 

^{x,y) :=-^2-X2"x,2-y)<oo 

n=0 

for all X, y € G. If / : G ^ ii^ is a mapping with 

\\f{x + y)-f{x)-f{y)\\<^{x,y) 

for all x,y & G, then there exists a unique mapping T : G ^ E such that T{x + y) = T{x) + T{y) 
and ||/(x) — T(x)|| < ^p{x.,x) for all x,y gG. 

Since then several stability problems of various functional equations have been investigated 
by many mathematicians. The reader is referred to [3 QB] for a comprehensive account of 
the subject. 

Generalized derivations were first appeared in the context of operator algebras |H] . Later, 
these were introduced in the framework of pure algebra [H]. There is also other generalization 
of the notion of derivation which is called {a, r)-derivation; cf . P . 

Let A be an algebra and let X be an ^-bimodule. A linear mapping /x : A X is called 
a generalized derivation if there exists a derivation (in the usual sense) 5 : A ^ X such that 
^{ab) = an{b) + 6{a)b for all a,b & A. Familiar examples are the derivations from A to X 
and all so-called inner generalized derivations i.e. those are defined by iix,y{o) = xa — ay for 
fixed arbitrary elements x,y E X. Moreover, every right multiplier (i.e., an additive map h 
of A satisfying h{xy) = h{x)y for all x,y E A) is a. generalized derivation. 

The stability of derivations was studied by C.-G. Park in A discussion of stability 

of the so-called {a — r)-derivations and a study of the so-called generalized {6, (;/))-derivations 
are given in jTUI and P, respectively. The present paper is devoted to study of stability 
of generalized derivations. The results of this paper are a generalization of those of Park's 
papers dHH]. 

Throughout the paper A denotes a unital normed algebra with unit 1 and A" is a unit 
linked Banach ^-bimodule in the sense that Ix = xl = x for all x E X. 
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2. Main Results. 

Our aim is to establish the generalized Hyers-Ulam-Rassias stability of generalized deriva- 
tions. We extend main results of C.-G. Park to generalized derivations from a unital 
normed algebra to a unit linked Banach ^-bimodule. We apply the direct method which 
was first devised by D. H. Hyers [7j to construct an additive function from an approximate 
one and use some ideas of tlOl and 



Theorem 2.1. Suppose f : A ^ X is a mapping with /(O) =0 for which there exist a map 
g : A X and a function : A x A x A x A ^ [0, oo) such that 

^ oo 

(2.1) ^(a, b, c, d) := -^2-"v'(2"a, 2"6, 2"c, 2"d) < oo 

ra=0 

(2.2) ||/(Aa + \b + cd) - \f{a) - \f{b) - cf{d) - g{c)d\\ < (^(a, 6, c, d) 

for a// A G T = {A G C : |A| = 1} and all a, b,c,dE A. Then there exists a unique generalized 
derivation fi : A —>■ X such that 

(2.3) \\f{a)-fiia)\\<if{a,a,0,0) 
for all a E A. 

Proof. Setting c = d = and A = 1 in (2), we have 

(2.4) \\f{a + b) - f{a) - fm < ^{a,b,0,0), 

for all a,b E A. Now we use the Th. M. Rassias method on inequality (2.4) (see j3] and 
[TT]). One can use induction on n to show that 

(2.5) ||:^-/(a)|| <-5^2-V(2V2'=a,0,0) 

fc=0 

for all n G N and all a E A, and that 

<i|j2-V(2'=a,2'=a,0,0) 



/(2"a) /(2™a) ^ " ^ 
2" 2™ " ~ 2 

k=m 



for all n > m and all a E A. It follows from the convergence (2.1) that the sequence } 
is Cauchy. Due to the completeness of X, this sequence is convergent. Set 

. s . ^ , /(2"a) 

(2.6) /i(a) := lim 

n— >oo Z 
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Putting c = d = and replacing a, b by 2"a, 2"6, respectively, in (2.2), we get 

||2-"/(2"(Aa + Xb)) - 2-"A/(2"a) - 2-"A/(2"6)|| < 2-X2"a, 2"6, 0, 0). 
Taking the limit as rz, — > oo we obtain 

(2.7) fi{Xa + Xb) = Xfi{a) + Xij,{b), 

for all a,b & A and all A G T. 

Next, let 7 = ^1 + i6'2 G C where 01,92 G M. Let -f^ = 6^ - [9i],-f2 = 02- [62]. Then 
0<7i<l, (1<^<2) and by using Remark 2.2.2 of 12j one can represent 7^ as 7^ = ''^"^ ''^ 
in which Ajj G T, (1 < i, j < 2). Since /u satisfies (2.7) we infer that 

/i(7x) = fj,{9ix) + ifi{92x) 

= [9i]n{x) + ni'jix) + i{[92]fi{x) + n{'j2x)) 

= {[9i]fi{x) + ^^(Ai,ix + Ai,2x)) + i[[92]fi{x) + ^/i(A2,ix + A2,2x)) 

= {[^iM^) + ^^1,1^(2^) + ^Ai,2/i(x)) + i{[02Mx) + ^X2,Mx) + ^A2,2/i(x)) 

= 9i^{x) + i92fi{x) 
= 7/i(x). 

for all x E A. So is C-linear. 

Moreover, it follows from (2.5) and (2.6) that ||/(a) — /i(a)|| < (p{a, a, 0,0) for all a E A. 
It is known that additive mapping satisfying (2.3) is unique 

Putting X = 0,x = y = and replacing c, d by 2"c, 2"(i, respectively, in (2.2) we obtain 

||/(2'"cd) - 2"c/(2"d) - 2"(7(2"c)rf|| < ^(0, 0, 2"c, 2"d), 

whence 

(2.8) ||2-2"/(22"cti) - 2-"c/(2"d) - 2-"^(2"c)rf|| < 2-2"(^(o, 0, 2"c, 2"rf) 



Put d = 1 in (2.8). By (2.6), lim 2 "7(2 "a) = /i(a) and by the convergence of series 

n^oo 

(2.1), lim2-2«(^(0,0,2"c,2"d) = 0. Hence the sequence {2-'^£/(2"c)} is convergent. Set 

n^oo 

6{c) := lim 2-"^(2"c), c G A Let n tend to 00 in (2.8),. Then 



(2.9) 



IJ,{cd) = cii{d) + 6{c)d 
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Next we claim that ^ is a derivation. Put o? = 1 in (2.9). Tiien 6{c) = yu(c) — Cyu(l). Hence S 
is linear. Further, 

^(ciCa) = A«(ciC2) - CiC2At(l) 

= (Ci//(C2) + S{ci)c2) - CiC2At(l) 
= Ciyu(c2) + (At(ci) - C1^(1))C2 - CiC2fJ,{l) 
= Ci{fx{c2) - C2/i(l)) + (Ai(ci) - C1/X(1))C2 
= Ci5(c2) + 5(ci)c2. 

Thus 5 satisfies Leibnitz' rule. It then follows from (2.9) that // is a generalized derivation. □ 

Remark 2.2. The significance of functional equation (2.2) is that the required derivation 5 is 
naturally constructed. In other words, we do not need any additional functional inequality 
for existence of 5. 

Remark 2.3. Due to A is unital, the mapping 6 appeared in the definition of generalized 
derivation is unique. In fact, 6{a) = fi{a) — a/x(l). 

Corollary 2.4. Suppose that f : A X is a mapping with /(O) = for which there exist 
constants /? > and p < 1 such that 

||/(Aa + Xb + cd) - \f{a) - \f{h) - cf{d) - g{c)d\\ < /3(||a|r + + 114" + Mm 

for all X eT and all a, b,c,d E A. 

Then there is a unique generalized derivation fj, : A ^ X such that 
for all a & A. 

Proof Put ip{a, b, c, d) = (3{\\a\\P + + ||c||p + \\d\\P) in Theorem 2.1. □ 

Proposition 2.5. Suppose that f : A X is a mapping with /(O) = for which there 
exists a function ip : A x A x A x A ^ [0, oo) such that 

^ oo 

^{a,b,c,d) := -^2-X2> 2"6, 2"c, 2"(i) < oo 

n=0 

||/(Aa + Xb + cd) - Xf{a) - Xf{b) - cf{d) - g{c)d\\ < ^{a, b, c, d) 

for A = l,i and for all a,b,c,d e A. If for each fixed a & A the function t i— > f{ta) is 
continuous on M then there exists a unique generalized derivation fi : A ^ X such that 
||/(a) — fj,{a) II < ip{a, a, 0, 0) for all a & A. 
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Proof. Put c = d = and A = 1 in (2.2). It follows from the proof of Theorem 2.1 that there 

/(2"a) 

exists a unique additive mapping fi : A X given by iJ,{a) = lim — ,a E A. By the 

n— ►oo 2"" 

same reasoning as in the proof of the main theorem of fH], the mapping /i is M-linear. 

Assuming b = c = d = and A = i, it follows from (2.2) that ||/(ia) — i/(a)|| < 
(^(a, 0,0,0), a G A. Hence ^||/(2"ia) -i/(2"a)|| < v5(2"a, 0, 0, 0) for all n G and a e A. 
The right hand side tends to zero as n oo, so that 

/(2"ia) 



/i(ia) = lim 

n— >cx 

= lim 



^/(2"a) 

n^oo 2"' 

i/i(a) 



for all a & A. For each A G C, A = ri + ir2 (ri, r2 G M). Hence 

/i(Aa) = /i(ria + ir2a) = riji{a) + r2/i(ia) 
= ri^(a) + ir2/i(a) = (ri + ir2)^(a) 
= \fi{a). 

Thus /i is C-linear. That /i is a generalized derivation can be deduced in the same fashion 
as in the proof of Theorem 2.1. □ 

Proposition 2.6. Let A be a unital C* -algebra. Suppose that f : A ^ X is a mapping with 
/(O) = for which there exists a function tp : A x A x A x A ^ [0, oo) such that 



oo 

ip{a,b,c,d) := -^2-"(/?(2"a, 2"6, 2"c, 2"d) < oo 



2 

ra=0 

||/(Aa + Xb + cd) - Xfia) - A/(b) - c/(d) - gic)d\\ < y.(a, 6, c, d) 
(2.10) ||/(2"m*) - f{Tuy\\ < v9(2"ix,2"ii,0,0) 

/or all A G T, all a, b,c,d G A, all nonnegative integers n and all unitaries u in A. Then 
there exists a unique generalized derivation : A ^ X such that ||/(a) — /i(a) || < ^(a,a,0,0) 
for all a E A. 

Proof. It follows from the proof of Theorem 2.1 that there exists a unique generalized deriva- 

/(2"a) 

tion : A ^ X given by //(a) = lim — , a E A satisfying (2.3). 

n— >oo 2"" 

Using (2.10), we have 

||2~"/(2"ii*) -2-"/(2"m)*|| < 2-X2"M,2"n,0,0). 
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Letting n ^ oo we conclude that = Since fi is linear and every element of 

a C*-algebra can be represented as a linear combination of unitaries [12], we deduce that 
/i(a*) = /i(a)*. □ 

Now let ^ be a unital Banach algebra. The mapping / : ^ — ^ is called an approximately 
generalized derivation if /(O) = and there exist a positive number e and a mapping g : 
A ^ A such that 

||/(Aa + \b + cd) - A/(a) - A/(6) - c/(rf) - ^(c)rf|| < e 
for all A G T and all a, b,c,d & A. 

Theorem 2.7. Let A be a unital Banach algebra and f : A ^ A be an approximately 
generalized derivation with the corresponding mapping g. Then f is a generalized derivation 
and g is a derivation. 



Proof. Put if{a,b) = e in Theorem 2.1. Then we get a generalized derivation jj, defined by 



/x(a) := lim^^oo ^%r^ such that 



||Ma)-/(a)||<^ 

for all a G We have 

||2"(/(2'"a) - 2'"/(a))|| < ||2"l/(2'"a) - c/(2"l)2'"a - /((2"l)(2'"a))|| 

+ ||/((2"l)(2'"a)) - g{2-l)2"^a - 2"+'"l/(a)|| 

< £ + ||/((2'^l)(2™a)) - ^(2"l)2'"a - 2"+'"l/(a)|| 

< £+||/((2n)(2-a))-M(2"l)(2™a))|| 

+ ||^((2"l)(2™a)) - 2"+'^l/(a) - ^(2"l)2'"a|| 

< 26+ ||;u((2"l)(2'"a)) - 2"+'"l/(a) - ^(2"l)2'"a|| 

< 2e + 2'"||^(2"la) -/(2"la)|| 
+2'"||/(2"la)-2"l/(a)-^(2"l)a|| 

< (2 + 2™+i)£, 

for all nonnegative integers m, n and all a & A. Fix m and let n tend to oo in the following 
inequality 

9 I nm+l 

\\f{2-a)-2-f{a)\\<^^e. 

Then /(2™a) = 2™/(a) for all m and all a G A. Therefore fj,{a) = limm^oo ^^J^^ = /(a) for 
all a e A. □ 
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